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Abstract 

Let n > 3, < m < (n - 2)/n, p > max(l, (1 - m)n/2), and < uq e I-f„^(]R") satisfy 

2 P 

liminfR^oo R~"'^~' j^^^^j^ dx - oo. We prove the existence of unique global classical 
solution of Ut = ^Am"', m > 0, in R" x (0,co), u{x,0) = Uo{x) in K". If in addition 
< m < {n - 2)/n and mo(^) ~ Ajxl"*? as \x\ oo for some constants A > 0, q < n/p, 
we prove that there exist constants a, fi, such that the function v{x,t) — t"u(t^x,t) 
converges uniformly on every compact subset of R" to the self-similar solution \p{x, 1) 
of the equation with ^p{x,0) - A\x\~l as t ^ oo. Note that when m = {n - 2)/{n + 2), 

4 

n > 3, if gij = u'n^dij is a metric on R" that evolves by the Yamabe flow dgij/dt - -Rgij 
with u{x, 0) = Mo(^) in where R is the scalar curvature, then u{x, t) is a global solution 
of the above fast diffusion equation. 
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1 Introduction 



Recen tly there is a lot of study of the equation El, BBBDCVII . pK| . |lDP| . HDSTl . HDS21 . 
Eil, 0, [Vl-3], 

n-1 



-All"'. 



m 



(1.1) 



The above equation arises in many physical models and in geometry When m> 1, 
models the flow of gases through porous media lAl. When m = 1, is the heat equation 



after a rescaling. When m = —1, the equation arises in the model of heat conduction in 
solid hydrogen [RJ. As observed by M. Del Pino, M. Saez, P. Daskalopoulos and N. Sesum 
||PS|, |DS2| , when m = (n - 2)/(n + 2), n > 3, if gij = u'^bij is a metric on R" that evolves 
by the Yamabe flow 

= -Rg^i (1-2) 

where R is the scalar curvature, then u satisfies We refer the readers to the book 

IIV3I by J.L. Vazquez for an introduction of the equation and the books |DK[ by 
P. Daskalopoulos and C.E. Kenig, |V2| by J.L. Vazquez, for the most recent results on 

As observed by L.A. Peletier in iPl (Theorem 11.3 of 13) the behaviour of the solutions 
of (|1.1[) for {n - 2)/n < m < 1, n > 3, are very different from the behaviour of the solutions 
of dn]) for < m < (n - 2)/n, n > 3. For any < m < 1, n > 3, let < Uq e L\^") n LP(]R") 
for some constant p satisfying 



p > max(l, (1 - m)n/2). 



(1.3) 



By Theorem 11.3 of [Pi for any < m < (n - 2)/n and n > 3 there exists a constant T > 
and a distribution solution u e C([0, T];L\W)) n L°°([6, T] x R") for any 6 e (0, T] of 0]! 
with u{x, 0) = Uo(^) on R" which vanishes identically at time T. For example for any A: > 
and r > 0, the Barenblatt solution ( llDS2l ), 



Bk{x,t) 



fc+(T-or'""'"i^F 



(T- Or'"""/ 



(1.4) 



where C, = 2(n - l)(n - 2 - nm)/{l - m) is a classical solution of (|l.l|l in R" x (0, T) which 



vanishes identically at time T. On the other hand an examination of the proof of |HP| 
shows that the existence proof of global solutions of 



Ut 



n-1 



m 

u{x,Q) -Uq{x) 



Am'", m > 0, in R" X (0, T) 
inR" 



(1.5) 



is valid only for (n-2)/n < m < 1 and n > 3. Then by the result of |HP| for n > 3, 
(n - 2)/n < m < 1, and any < Uq e L^^^^(R"), Uq ^ 0, there exists a unique global solution 
of (O) in R" X (0, co). 

In this paper we will prove that if n > 3, < m < (n - 2)/n, and < Uq e L|'^^(R") for 
some constant p satisfying (|1.3|) and 



lim inf 



-^-^ r Uodx = oo, 

J|x|<R 



(1.6) 



then (|1.5|) has a global solution m in R" x (0, oo). When is radially symmetric, the 
condition (|1.6|l is also shown in |DP| to imply global existence of solution of (|1.5|l for 



2 



m < 0. On the other hand when m > 1, by the result of Aronson and Caffarelli IIACI , if 
(|1.5|) has a global solution in R" x (0, oo), then 



1 r 

lim sup — I Uodx = 0. 

R^co R"~~t J\x\<R 



Thus our result extends the result of |AC[ and | |DP1 . Let 

1 1 

« = 7\ T and 6 = -. (1.7) 

2-q{l-m) ^ l-q{l-m) ' 

We will also prove that when iiq{x) ~ A|x|"'' for some constants A> Q, q < n/p, as |x| — » oo 
where p satisfies (|1.3|l , then under some mild condition on Uq the rescaled function 



v{x,t) = fu{th,t) (1.8) 

converges uniformly on every compact subset of R" to the self-similar solution i/^(x, 1) of 
(|l.l|l with -^{XfQ) = A\x\~^ as t ^ oo. The function v{x) = ip{x, 1) is radially symmetric and 
satisfies the elliptic equation 

^^^—^A'ff" + av + Bx-Vv = 0,v>0, inR". (1.9) 
m 

The main results we obtain in this paper are the following. 

Theorem 1.1. Let n > 3, < m < (n -2)/n, and let p satisfy (|1.3|) . Then there exists a constant 
Ci > such that ifO < Uq g L^^^(R") satisfies 

liminf — ^ ( UQdx>C{T^' (1.10) 

for some constant T > 0, then there exists a unique positive solution u G C°°(R" x (0, oo)) of (|1.5|l 
in R" X (0, T) which satisfy 

(1 - m)i 

fn R" X (0, T). 

Theorem 1.2. Lef n > 3, < m < (n - 2)/n, and Zei p satisfy (|1.3|) . Suppose < Mq £ L^p^(R") 
satisfies (|1.6|) . T/zen (|1.5|) /zas a unique global positive solution u G C'^(R" x (0, oo)) zy/zzc/z satisfies 
Oil) m R" X (0, co). 

Theorem 1.3. Lei n>3, 0<m<{n- 2)/n, and q < n/p for some constant p satisfying (|1.3|) . 
Suppose < Mo e Lj'^^(R'') sah's/ies wq = "o + (/^ "^^ere < Uq e LP^(R") and g L^R") n LP(R") 
such ihfli 

lim |x|%(x) = A (1.12) 

for some constant A > 0. Let a and p he given by (|1.7[) . Let u be the unique global solution of 
(|1.5|) in R" X (0, oo) given by Corollary \2.8\ which satisfies (|1.11[) in R" x (0, oo). Lef u be given 
by (|1.8|) . T/zen f/ie rescaled function v converges uniformly on every compact subset o/R" to the 
unique radially symmetric self-similar solution xp{x, 1) of (|1.1|) wzi/z i/^(x, 0) = A\x\~'^ as t ^ oo. 
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Corollary 1.4. Let n > 3 and m = (n -2)/{n + 2). Let p, q, a, (}, Uq, v, be as in Theorem [Ol 
Suppose the metric gij = u^^^"'^^^6ij evolves by the Yamabeflow (|1.2|) with u{x,0) = Uo{x) on R". 
Then v{x, t) converges uniformly on every compact subset o/lR" to the unique radially symmetric 
self-similar solution ip{x, 1) of with xp{x, 0) = Alxl"*? ast^oo. 

Note that the Barenblatt solution Bk{x, t) given by (|1.4[) satisfies 



lim 

R->oo 



1-"' J|ii<R 



a}nCl-"'T— 
n - 2(1 - m)- 



where a;^ is the surface area of the unit sphere S""^ in ]R" and it vanishes in a finite time T. 
Hence Theorem [LI] is sharp. 

The plan of the paper is as follows. In section two we will prove the existence of global 
solutions of (|1.5|) . In section three we will prove the asymptotic large time behaviour of 
the global solution of \1.5) . 

We first start will some definitions (cf. llHu2l ). For any Xq G R", R > 0, T > 0, 
let Br(xo) = e R" : \x - XqI < R], Br = Br{0), Qr(xo) = Br(xo) x (0,oo), Qr = Qr{0), 
Qr(^o) = Br{xo) X (0, T) and = Q^(0). For any set A c R", we let Xa be the characteristic 
function of the set A. For any domain Q c R", T > 0,0 < m < 1, we say that m is a solution 
(subsolution, supersolution) of in Q x (0, T) if u > in Q x (0, T) and is a classical 
solution (subsolution, supersolution) of in Q X (0, T). For any < Uq e ^oc(^) ^^Y 
that a solution w of in Q x (0, T) has initial value if W^i'/ ~ i^ollLi(j<c) — * as ^ — > for 
any compact subset K cQ. 

For any bounded smooth domain Q c R", <Uo e L^g.i'^), and < g e L^{dQ x (0, T)), 
we say that u is a solution of the Dirichlet problem 

" ~ ' in Q X (0, T) 

(1.13) 



Uf - 



-Au" 



m 



u =5 



on X (0, T) 
in Q 



^ u{x,0) =Uo{x) 

if u is a positive classical solution of (|l.l|t in Q x (0, T) with initial value Uq and satisfies 
-1 ^. \ , , n 



I 



''At] + UTjt \ dxds = 



m 



L LSdn 



dodt + I t/(x, ii) rfx 



Q 



D 



w(x, ti) dx 
(1.14) 

for any < ii < i2 < T and r] G 0^(0 x (0, T)) satisfying 77 = on (9Q x (0, T) where 
is the exterior normal derivative on dQ,. We say that u is a weak solution of the Dirichlet 
problem (lLT3l) if < w G C{{0,Tr);L\Ol)) satisfies (ILT4)| for any < < < T and 
r] G C^(Q X (0, T)) satisfying 7] = on x (0, T) and h has initial value Uq. 
We say that w is a solution of the Dirichlet problem 

1 



n 



m 



Ut = 

u{x, t) 
m(x,0) =Uo{x) 



-Aw"', u> 0, 



00 



in Q x (0, 00) 

on X (0, 00) 
in Q 



(1.15) 



4 



if u is a positive classical solution of in Q x (0, oo) with initial value Uq and 



lim u{y, s) = oo V(x, t) edOx (0, oo) 

(y,s)^(.T,f) 
(i/,s)eQx(0,oo) 

We say that u is a solution (subsolution, supersolution) of in R" x (0, T) if u > in 
R" X (0, T) and is a classical solution (subsolution, supersolution) of in R" x (0, T). 
For any < Hq e Lj^^{M.") we say that a solution h of in R" x (0, T) has initial value Uq 
if t) - MoIIli(k) — > as ^ — > for any compact subset K c R". 

We will assume that n > 3, < m < (n - 2) /n, and (|1.3|) hold for the rest of the paper. 



2 Existence of global solutions 

In this section we will prove the existence of global solutions of (|1.5|| . We first extend some 
results of |Hu2| . We first observe that by (|1.3|) , 



2 a + m 2 p-l + m ^ ^, 

- + > - + > 1 > p - 1. 

n a + 1 n p 

Hence there exists a constant 

l<k' <- + ^^—^ V«>p-1 (2.1) 
q a + 1 ^ 

where q = n/2. Let 

Then by the same argument as the proof of Theorem 1.6 of l|Hu2| but with the ao, k, k', 



there being replaced by «o = P ~ 1 and k, k' , given by (|2.1[) , (|2.2|) , the proof of Theorem 1.6 
of l|Hu2|| remains valid for n > 3, < m < (n - 2)/n, and p satisfying (|1.3|) . Hence we have 
the following theorem. 

Theorem 2.1. (c/. Theorem 1.6 of hHu2^ ) Let n > 3, < m < {n -2)/n, and let p satisfy 
((L3|) . Suppose u is a solution of ((LTj) zn Q* = {{x,t) e R"+^ : |x| < 2, -4 < i < 0}. Lrf 
Q = {{x, t) e R"+^ : |x| < 1, -1 < f < 0}. Then there exist constants C > and 6 > such that 



|L"(Q) 



<c 1 + u'' rfx dt 



We next observe that the result of Lemma 1.7 and Lemma 1.9 of l|Hu2| remains valid 
for any n>3, 0<m<l, p satisfying (|1.3|) , and < g e L°°(^Q x (0, oo)) where Q is a 
bounded smooth domain. By Lemma 1.7 and Lemma 1.9 of l|Hu2L Theorem 12.11 and an 
argument similar to that of l|Hu2|| we have the following three results. 
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Corollary 2.2. (cf. Corollary 1.8 of liHul'j ) Let n>3,0<m<{n- 2)/n, and let p satisfy (|1.3|) . 
Suppose u is a solution of in Q x (0, T) with initial value < Uq & L^^^(Q). Then for any 

Brj(xo) c BrjC^o) c Q flnrf < ^1 < r f/zere exist constants C > and > such that 



NllL»(BRj(xo)x[ti,r)) 



< C 



1 + 



/•/q doc 



Theorem 2.3. (c/. Corollary 1.11 of l\Hu2^ ) Let n>3, 0<m<{n- 2)/n, and let p satisfy (|1.3|) . 
Let Q c R" fee a bounded smooth domain and letO < g e L°°{dQ. x (0, T)). Suppose u is a solution 
of (|1.13|) m Q X (0, T). Then for any < ti <T there exist constants C > anrf > such that 



l"llL"(Qx[fi,T)) - ^ 



(^kl\D\ + £u 



where kg = max(l, ||g||L~(^Qx(o,T))). 

Theorem 2.4. (c/. Theorem 2.5 and Theorem 2.11 of l\Hu2'i ) Let n > 3, < m < (n - 2) /n, and 
let p satisfy (|1.3|| . Let Q c R" fee a bounded smooth domain. Then there exists a minimal solution 
ufor (|1.15|) which satisfies m Q c R". When Q zs a smooth bounded star shape domain, 

the solution ufor (|1.15|) zs unique. 

Note that a result similar to Corollary 12.21 is also obtained recently by M. Bonforte and 
J.L. Vazquez (Theorem 2.1 of llBVl ). 

Lemma 2.5. Let n > 3, < m < (n -2)/n, and let p satisfy (|1.3|) . Suppose < Uq & L|'^^(R"). 
For any R > let < Wr e C([0, Tr); L^(B5r)) be the unique weak solution of 



Wt 



n-1 



m 



Aw" 



in 



5R 



w =0 on dBsR X (0, Tr) 

w{x,0)=Uo {x)xb2r (^) in Bsr 



(2.3) 



given by ilBCf (cf. P.537 of HBVj ) which extincts in a finite time Tr > 0. Then there exists a 
constant Ci > such that if (|1.10|) holds for some constant T > 0, then there exist constants 
< 6 < 1, J^o > 0, such that for any R > Rq, Tr > T, Wr is continuous on B^r x (0, T] and 



_inf a;R>0 \/0 < ti < T,R> Rq. 

B6RX[ti,T] 



(2.4) 



Proof Suppose there exists T > such that Uq satisfies (|1.10|) for some constant Ci > to 
be determined later. For any e > let Wr^^ be the solution of 



Wt =- 



n 



1 



-Aw" 



m 



in QsR 

zf =e on ^BsR x (0, oo) 

w(x, 0) =Mo (x)xb2j, (^) + e in Bsr 



Then Wr^j > WR^e' ^ in Qsr for any £ > £' > and Wr^e decreases to the weak solution Wr 
of (|Z3l) as e 0. By (|1.10|| there exists a constant < 6 < 1 such that 



(1 - 6)" 1-"' lim inf — 



1-'" J\x\<R 



uodx > (3Ci/4)ri 



Let |xol < &R- Then 



lim inf — 

R->oo j^n 



If If 

— ^ I Uodx > lim inf ^ I 



Uq dx 



|x|<(l-6)R 



>(1 -6)""T^liminf 

R->oo 



1-"' J|ii<R 



Uodx > (3Ci/4)Ti 



(2.5) 



Let <Vr e C([0, Tr); L^(B3r)) be the unique weak solution of 

n-1 



Vt =- 



-Av" 



m 



v=d ondB3R{xo)x{0,TR) 
v{x, 0) =Uo{x)xbr{xo){x) in BsrC^o) 



(2.6) 



given by |BC| (cf. P.537 of | |BV1 ) which extincts in a finite time Tr > and let Vr^^ be the 
solution of 

n-1 

= Au"" in Q3r(xo) 

m 

V =£ on (9B3r(xo) X (0, oo) 

^ v{x, 0) =Mo(x)^Br(xo)(^) + £ in B3r(^o) 

for any e > 0. Since Vr'^^ > e in Q3R'(xo) for any R' > 0, by the maximum principle (cf. 
Lemma 2.3 of |DaK| ), 



VR',e > Vr^e in Q3r(xo) for any R' >R>d 



and 



Wr,£ > Vr_, in Q3r(xo) VR > 0, £■ > 0. 
Since Vr^^ decreases to Vr as e — > 0, by (|2.8|) , 

Wr,£ > Ur in Qllixo). 

Letting e ^ in ^7) we get Vr' > Vr in Ql'^ixo) for any R' > R > 0. Hence Tr- > Tr for 



(2.7) 
(2.8) 

(2.9) 



any R' > R > 0. By (1.18) of ||BV|1 there exists a constant d > such that 



Tr > C2R' 



yo/(B3R \ B2r) 



1-m 



VR>0. 



(2.10) 



3nCiCl-"' 1 
lim Tl-'" > — A — T- 



R->ca 



R - 



4(3" - 2")(Vn 



where cOn is the surface area of the unit sphere S" in R". We now choose Ci > 4(3" 

'2 



T')co„/inCl'^^-"'^). Then 



lim Tr > T. 



(2.11) 



By (1.28) of BBVl there exist constants C3 > 0, C4 > 0, such that 



1-'" JBr(.To) 



Mo dx < C^t—- + C^T]^"'R^'t-^'v'l{t,XQ) \fO <t <Tr,R>0. (2.12) 



Let Ci = max(3C3,4(3" - 2")(Vn/{nCl'^^~'"^)). By (IZ5l) , 



lim inf 

R->oo 



I Wo^^x> (9C3/4)TT^ 

" 1-'" JbrCyo) 



(2.13) 



Then by (|2.11|) and (|2.13|l there exists a constant Rq > such that Tr > T for any R > Rq 
and 



1-"' JBr(.To) 



UQdx>2C^T— \/R>Ro. 



(2.14) 



1 1 



By dZD, (I232I), and ^M, 

Ciff^'R^'t-T^wl^{xo,t) > C^f''R^^t~^vl{xo,t) > C3{2T^' - t^-) > 
for any R > Rq, e > 0, |xol < 5R and 0<t <T. Hence 

_inf wj^ix, t) > {C3/C4)f~^R-^'tf''{2T^- - ip) > VO < < T,R > Rq, e > 0. 

(2.15) 

By Corollary 12.21 for any R > Rq, T > ti > 0, there exist constants Cr > and 6 > such 
that 



I|wr,£||^o 



{BiRX[h,T]) 



<Cr\1 + 



[ < 



dx\ VO<e<l. 



(2.16) 



Let R > Rq. By (|2.15|) and (|2.16|) the equation (|1.1|) for the sequence {iVR^E}o<e<i is uniformly 
parabolic on B^r x [^i, T]. By reducing 6 if necessary by the parabolic Schauder estimates 
IILSUII the sequence {wr £}o<e<i is equi-Holder continuous in C^{K) on every compact subset 
K c B^R X [tl, T]. Hence by the Ascoli Theorem Wr ^ converges in on every compact 
subset of X (0, T] to ior as e 0. Hence ior e C^(B^ x (0, T]). Letting e ^ in <\2.15L 
we get (|2.4|) and the lemma follows. □ 
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Proof of Theorem ll.lt Uniqueness of solution of (|1.5|) is given by Theorem 2.3 of |HP| . 
Hence we will only need to prove existence of solution of (|1.5|| . We will give two different 
methods of construction of solution of (|1.5|) . Let Ci > be as in Lemma |Z5| 
First method : For any > by Theorem 12.41 (|1.15|) has a unique solution Ur in Qr with 
Q = Br which satisfies in Qr. By the maximal principle (Lemma 2.9 of |Hu2| ), 



Hence 



Ur > Ur> > in Qr \fR' >R>0. 



< u(x, t) = lim Ur(x, t) V(x, t)e'R"x (0, co) 



(2.17) 



exists. By Corollary 12.21 for any Ri > 0, t2 > ti > 0, there exist constants C > and 6 > 
such that 



\Ur\ 



°(BRj(Xo)x[fi,f2]) 



1 + 



f K 



dx 



< c 



VR > 3Ri + 1 
asR 



oo. 



We claim that 



_inf u{x, > VR > 0, r > ii > 0. 

BRX[ti,T] 



(2.18) 
(2.19) 

(2.20) 



Suppose the claim is false. Let Rq, Wr, Tr, be as in Lemma |Z5| For any e > let Wr^^ be as 
in the proof of Lemma |Z5l By the maximum principle (Lemma 2.3 of IIDaKI and Lemma 

2.9 of iHnai), 



and 

Letting R ^ oo in (IZ22ll , 



WR'^,,>WR„e inQ^^; VR; >Ri >0,£ >0 

'^R 

Wr; > ivr^ in Q^^'^ VR; > Ri > as 6- - 

'^R 

Mr > Wri in VR > 5Ri > 0. 



(2.21) 
(2.22) 
(2.23) 



u>Wr, inQ^^; VRi>0. 

By iMl) and (IZ23ll the claim (IZ20l) holds. By (IZTSl) . (IZ20ll , the equation ([Ll]) for the 
sequence {hr}r>Ro are uniformly parabolic on every compact subset of IR" x (0, T]. By the 
Schauder estimates for parabolic equations [LSUfl the sequence {wr}r>Ro are equi-Holder 
continuous on every compact subset of R" x (0, T]. Hence by the Ascoli Theorem and 
(|2.17[) the sequence Ur decreases and converges uniformly on every compact subset of 



IR" X (0, T] to a solution u of dLTJ) in R" x (0, T) as R 
]R" X (0, T). 



00. Then u also satisfies (|1.11[) in 
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We will now prove that u has initial value Uq. By the Kato inequality IH (cf- HDSli ) 
and an argument similar to the proof of Lemma 3.1 of [HP| and Lemma 2.3 of l|Hu2| , 



A-m 



I Mr - Mr'|(x, t) dx 



< 



I \ur- UR'\{x,G)dx 



, 1-m 



+ CK 



n(l-m)-2 



t 



^^^n(l-m)-2^ VR > 2Ri, R' > 2Ri > 0, ^ > 

|mr - u\{x, t) dx <CR"~^-t VK > 2Ki > 0, f > as R' ^ oo. (2.24) 



Hence 



X\u{x,t) - uo{x)\dx < I |wr(x, - wo(x)| + I \u - UR\{x,t)dx 



\ur{x, t) - Uo{x)\ dx + CR'l t \/R>2Ri>0,t> 0. (2.25) 



Letting f ^ in U25h . 



limsup I \u{x,t) - Uo{x)\dx <0 VRi > 
lim I |u(x, i) - Uq{x)\ dx =0 VRi > 0. 



Hence u is the unique solution of (|1.5|l in R" X (0, T). 

Second method : By 123), (I2.19|) . (|2.21)l . and (I2.23|) . the sequence {wr : R > Rq} are uniformly 
bounded below and above on every compact subset of R" x (0, T). Hence the equation 
(|1.1|) for {z^R : R > Rq} are uniformly parabolic on every compact subset of R" x (0, T). 
By the parabolic Schauder estimates ULSUI the sequence {ivr : R > Rq} are equi-Holder 
continuous in on on every compact subset of R" x (0, T). Hence Wr increases and 



converges uniformly on every compact subset of R" X (0, T) to a solution iv of (|1.1[) as 
R — > oo. By an argument similar to the first method of proof iv has initial value Uq. Hence 
by the uniqueness of solution w = uis the unique solution of (|1.5|) in R" X (0, T). □ 



Theorem 2.6. Letn > 3,0 < m < in -2) In, and let j) satisfy (|1.3)) . LetCi > he as in Lemma \Z5\ 
Suppose < Wo e L^^i^") satisfies tfLlOl) /or some constant T >0. LetO<gRe L'"(^Br x (0, T)) 
and let Ur be the solution of (|1.13|) in with g = gR and Q = Br. Then Ur converges uniformly 
on every compact subset o/R" x (0, T) to the unique solution u of (|1.5|) as R 



oo. 



Proof: Let Rq, Wr, be given by Lemma |Z5l and let Ur be as in the proof of Theorem ll.il By 
the maximum principle Ur > Ur > Wr/s in for any R > SRq. Since both Ur and Wr/s 
converges uniformly on every compact subset of R" X (0, T) to the unique solution of (|1.5|) 
as R — > oo, Ur converges uniformly on every compact subset of R" x (0, T) to the unique 
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solution u of ([L5l) in R" x (0, oo) which satisfies in R" x (0, oo) as R —> oo and the 

theorem follows. □ 

By the proof of Theorem 11.11 and Theorem 12. 6[ Theorem 11.21 follows. In fact we have 
the following more general result. 

Theorem 2.7. Letn > 3,0 < m < in -2) I n, and let ip satisfy (|1 .3|| . LetCi > he as in Lemma \2^ 
Suppose <uo e L^^^(R") satisfies (|1.6|) . Let < gR e L°°(^Br x (0, oo)) and let Ur he the solution 
of (|1.13|) in Of^ with g = gR and Q = Br where Tr is the extinction time ofuR with Tr = oo if 
Ur> in Qr. Then Ur converges uniformly on every compact suhset o/R" x (0, oo) to the unique 
solution u of (|1.5|) in R" x (0, oo) which satisfies (|1.11[) in R" x (0, oo) as R — > oo. 

Corollary 2.8. Let n > 3, < m < (n - 2)/n, q < 2/(1 - m), and p satisfy (|1.3|) . Suppose 
<uo e Ll^iW) satisfies Uq = Uo + (p where < Mq e Lj,^(R") and (p e L\W) n LP(R") suc/z 

liminf |x|'?MoW > A (2.26) 

\x\^oo 



for some constant A> 0. Then (|1.5|) has a unique glohal solution u in R" x (0, oo) w hzc/i satisfies 
((LTTI) m R" x (0, oo). 

Proo/: By (|2.26|) there exists a constant Ri > such that 

Mx) > {A/2)\x\-^ V|x| > Ri. 

Since < 2/(1 -m) <n, 



— ^ f UQdx> — ^ f Morfx 



~ 2(n q) ^^~~'^ ~ R~-"R"~^) - R—-"\\(P\\li VR > Ri 
— >oo as R oo. 

Hence by Theorem 11.21 (|1.5|) has a unique global solution u in R" x (0, oo) which satisfies 
(|1.11|) in R" X (0, oo) and the corollary follows. □ 

Corollary 2.9. Let n > 3, < m < (n - 2)/n, q < 2/(1 - m), and p satisfy \1.3) . Suppose 
< Mo £ ^L^-"^") satisfies Uq{x) > CqI\x\^ for any \x\ > Ri and some constants Q > 0, Ri > 0. 
Then there exists a unique glohal solution u of (|1.5|) in R" x (0, oo) which satisfies (|1.11|) m 
R" X (0, oo). 

Lemma 2.10. Let n > 3, < m < (n - 2)/n, and q < n/pfor some constant p satisfying (|1.3|) . 
Let xp he the unique solution of (|1.5|t in R" x (0, oo) wzi/z mzh'flZ uflZtze which satisfies (|l.ll|l 
m R" X (0, oo) gzi;en fey Corollary \2.9\ Then 

xp{x, t) < Alxr^i Vx ^ 0, i > 0. (2.27) 
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Proof: For any R> 0,k> AR let VR^k be the solution of the problem 

n-1 



Vt = 

m 

V =AR-^ 



in Qr 
on dBR X (0, oo) 



v{x,0) =mm{A\x\ '^,k) in Br. 
Then by the maximum principle (Lemma 2.3 of IIDaKI ), 

AR-'' < Vrx < VR,k' < k' in Qr W >k> AR'^, R>0. (2.28) 
By Theorem 12.31 for any ^2 > > 0, K > 0, there exists a constant M > such that 

VR,k<M in Br x[h,t2] 'ik>AR-^. (2.29) 

By (|2.28|) , (|2.29|) , and an argument similar to the proof of Theorem II. 2[ Vr^i increases and 
converges uniformly on every compact subset of Br x (0, cx)) as A: — > oo to the solution Vr of 

Vt =— Az;- in Qr 



m 

V =AR-^ 



on dBR X (0, oo) 
in Br. 



Let t2 > ti > 0. For any fco > we choose to > such that fco < ^'^o'^' Then by the 
maximum principle. 



VR,k < A\x\-'' Ve < |x| < R, i > 0, > fco, < e < £0 
Vr < A\x\-'' VO < |x| < R, f > as ^ oo. 



(2.30) 



By Theorem 12.71 Vr converges to uniformly on every compact subset of ]R" X (0, oo) as 
R — ^ oo. Letting R — > oo in (|2.30|) we get (|2.27|) and the lemma follows. □ 

Theorem 2.11. Let n > 3, < m < (n - 2) /n, and q < n If for some constant p satisfying (|1.3|) . 
Let a, j6, he given by (|1.7|) . Then there exists a unique radially symmetric self-similar solution ip of 
(|1.5|) in R" X (0, oo) with initial value A\x\~'^ which satisfies and (|2.27|) in R" x (0, oo) and 



xp{x, t) = ym-yx, y~P t) \/x eR",t > 0,y > 0. 



(2.31) 



In particular, 

\p{x, t) = t-"xp{t-f^x, 1) Vx G R", ^ > 0. (2.32) 

Moreover v{x) = ip{x,l) satisfies (|1.9|) in R". If in addition < m < {n - 2)/n, then ip e 
C((R"\{0})x(0,oo))flnd 



\x\^xp{x, f) — > A uniformly on [0, T] as \x\ — > oo. 



(2.33) 
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Proof: By C oroUary 12 . 9 l and Lemma |2.10l there exists a unique solution \p of (|1.5|) in R" x(0, oo) 
with initial value A|x|-'? which satisfies (11.111) and (|Z27|) in R" X (0, co). Since i/'Cf (x), is 
also a solution of (|1.1[) in R" X (0, oo) with initial value Alxl"*? for any rotation f : R" ^ R", 
by uniqueness of solution, 

^(x, t) = ip{F{x), t) Vx G R", f > 0. 

1 

Hence i/^(x, t) is radially symmetric in x. For any y > 0, let ipy{x, t) = y'?i/^(yx, y t) where fi 
is given by (|1.7|) . Then i/^^ also satisfies (|1.1|) in R" x (0, oo) with initial value A|x|"''. By the 
uniqueness of solution, 

ip{x, t) = ipy{x, t) Vx G R", i > 0, y > 

and (|2.31|) follows. Hence ip is the unique radially symmetric self-similar solution of (|1.5|) 
in R" x (0, oo) with initial value A|x|"'' which satisfies (|1.11|) in R" X (0, oo). Putting y = 
in (USD, 

i/^(x, = r^^pir^x, 1) = r^virh) Vx g R", i > o (2.34) 

and (12321) follows. Substituting (I2.34D into dLl]), we get that u satisfies dLH) in R". 

We now let < m < (n — 2)/n. We will use a modification of the proof of Corollary 2.8 
and Corollary 2.9 of IIHull to show that xp satisfies 



i/'dxol, t) = ipixo, t) A\xo\-^ ast^O Vxq ^ 0. 



(2.35) 



We will first compare ip with the Barenblatt solution Bk given by (|1.4|) for some constants 
T > 0, > 0, to be determined later. Since by (|1.3|) q < n/p < 2/(1 - m), by the Young 
inequality. 



<{q{l - m)/2)(r^^|x|)T^ + (1 - {q{l - m)/2))T"^ 
<q{l - m){k + r^^^^|xp)T^ 

where a is given by (|1.7[) and = (2r^"^(l - m)"^ - l)-^"'"r"«-2-'"". Let 



(2.36) 



T = 



A 



{q{l-m)Cr' 

where C. = 2{n - l)(n - 2 - nm)/{l - m). Then by (fZ36)) . 

B)c(x,0) < Alxp'? VxgR". 

Let Mr be the solution of (|1.15|) in Qr with Q = Br and initial value A|x| 
the maximum principle ( MHu2i ), 



(2.37) 
By (|Z37l) and 



Mr(x, > Bjt(x, in Qr. 



(2.38) 
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Since by the proof of Theorem 11.11 Ur converges uniformly on every compact subset of 
R" X (0, co) to i/^ as K ^ CX3, letting K ^ co in (fesll , 

> Bk{x, t) Mx eW,t> 0. (2.39) 

For any Xq ^ 0, let Ri = \xo\/2. By ^027} and (IZ39ll there exist constants C2 > 0, C3 > 0, 
such that 

C2 < \p{x, t) < C3 Vx e Bri(xo), t > 0. (2.40) 
Since Alxl"*? is continuous for all x 9^ 0, by (|2.40|t and an argument similar to that of |DaFK| 



(IZ35b follows. Hence putting y = l/|x|, xi^O, into (12.311) by (l235l) we have 

|x|''i/^(x,0 = 1/^(1, ^/|x|?) ^ A 
uniformly on [0, T] as |x| — > 00 for any T > and the theorem follows. □ 

3 Asymptotic behaviour of solutions 

In this section we will prove the asymptotic large time behaviour of the global solution of 

Proof of Theorem lOi We will use a modification of the proof Theorem 2.1 of HHslI to prove 

the theorem. For any y > 1, let Uy{x, t) = yhi{yx,yh), Uo^y{x) = y'^Uo{yx), Uo,y{x) = y'^Uo{yx), 
and (py{x) = y'^(p{yx). Let Ci > be as in the proof of Lemma |Z5] and Theorem ll.il Then 

Uy{x,0) = llo,y{x) = Uo,y{x) + (py{x). (3.1) 



By the same computation as the proof of Theorem 2.1 of HHslI we get 



/ 

Jbr 



0,} 

and 



\\(pr\\L>'<\mLP V7>1, (3.2) 
^, dx < C(l + R"-?"?) VR > 0, y > 1, (3.3) 



ll^rlb </-"IMb ^0 asy ^cx,. (3.4) 
By (|1.12|) for any < e < A there exists a constant R^ > such that 



(A - e)\x\-^ < Uq{x) < (A + e)\x\-^ V|x| > R, 

(A - e)\x\-'^ < uo,y{x) < (A + e)\x\-'^ V|x| > RJy. (3.5) 
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Hence by dlH) and (l33b , 

I \uo,y{x) - A\x\~i\dx 

J\x\<R 

1 

<£A r \x\-^ dx + C{RJyT^^-p^ f ul^dx]+Af \x\-Ux 

<eA \ |x|-'?rfx + C(R,/y)"(^"p^(l + +A I \x\-'^ dx \/R > 0,y > Re/R. 

J\x\<R J\x\<Ri,/y 

(3.6) 

Letting first y — ^ oo and then e — > in (|3.6|) , by (|3.4|) we get 

lim I |uoy(x)-A|xr'?|rfx = VJ^ > 

y^°° j\x\<R 

=^ lim I \uoy{x)-A\x\-^\dx = VR > 0. (3.7) 

By (|3.1)) , (|3.2|) , (|3.3|) , and Corollary 12.21 for any constants R > 0, t2 > ti > 0, there exists a 
constant C2 > such that 

My(x, < C2 V|x| < R, < ^ < ^2- (3.8) 
Let 5, Ro, be as in Lemma IZ5l Let ^2 > > 0. Then by (|3.4|) , 

I Mo,y > I I A\x\-^ dx- I \uo,y{x) - A\x\-^\ dx - WcpyWmw)] 

R" 1-"' J|x|<R R" 1-"' \J|j|<R J|.y|<R / 

>— i^^-^ - i f Ky(x) - A|x|-^| dx + ^-"imLHR")] ■ (3.9) 

n- q R" i-m \J\x\<R J 

Since q < n/p < 2/{l - m), there exists a constant Ri > Rq such that 

1 

^RT^ri > JE^^ll^ \/R>R,. (3.10) 
n-q (1 - 6)"-T^ 

Let R > Ri. By (|3.7|) there exists ys > 1 such that the last term on the right hand side of 
(13^ is less than 

<C,tf^- Vy>yR. (3.11) 
Let |xol < 5R. Then by (EH), (l3l0l) . and (l3lT|) , 



^1 uo,ydx>^^ I uo,ydx>Ciq-'" VR>-^,y>yR. (3.12) 

' 1-"' Jbr(xo) i^" 1-"' J|i|<(l-6)R 
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Let VR^y be the weak solution of (|2.3|) in Q^^' with Wq being replaced by Uo^y where Tr,,, > 



is the extinction time of VR^y. Let VR^y he the weak solution of (|2.6|l in Q3^'' (xq) with being 

replaced by Mq,,- where Tr,,, > is the extinction time of VR^y. By (|3.3|) and an argument 
similar to that on P.232-233 of [Pl there exists a constant C > such that 



\'JB2R 



TR,y<C{ I wPyrfx < C'(l + \/R>0,y>l. (3.13) 



Since by the maximum principle Uy > VR^y > VR^y in Q^'^^ (xq), by (|3.12[) , (|3.13|) , and an 
argument similar to the proof of Lemma |2.5[ 

fR,y>t2 ^R>RJil-6),y>yR, 
and there exist constants > 0, Cg > 0, such that 
_inf u"!>_mi vl 

— ■_ 1 2m ni m 

>CJj^^;"'R-—'tl-"'{2q-" - tl-"') 

>Co (1 + R^-P^y^iR-T^-tf^'iltf^- - tf^) > VK > Y^>y > Yr- (3.14) 



By (|3.8|) and (|3.14|| the equation (|1.1|) for the family of functions {u^ : y > Yr} are uniformly 



parabolic on B^r x [ii, for any R > Ri/{1 - 6). By the parabolic Schauder estimates ULSUI 
the family of functions {Uy : y > ys} are equi-Holder continuous on B^r X [^i, ^2] for any 
R>Ri/{l-6). 

Let {yi]°l^ be a sequence such that y, > 1 for all z € Z"^ and y, ex? as z 00. Then by the 
Ascoli Theorem and a diagonalization argument the sequence {Uy.}'^-^ has a subsequence 
which we may assume without loss of generality to be the sequence itself that converges 



uniformly on every compact subset of R" X (0, 00) as z 00 to some solution ip of (|1.1|) that 
satisfies (|l.ll|t in R" X (0, 00). We will now prove that \p has initial value A|x|"''. For any 
i,j G Z+,R > 0, f > 0, 

I \il^{x,t)-A\x\-^dx 

J\x\<R 

< I t) - Uy {x, t)\ dx + I \Uy.{x, t) - Uo^jl dx + \ |iZo,; - Alxl"*^! dx. (3.15) 

J\x\<R ' J\x\<R ' J\x\<R 



Then similar to (|2.24|) we have 

, l-m / \l-m 



( r \Uy^ - Uy.\{X, t) dx\ < ( r IZ^O,,,, - Uo^y. \ d^ + CR'^^^-'^^-^i 

I \Uy. - Uy.\{x, t)dx <c{ I |iZo,)', - Uo,yj I dx + R""T^ f Vz, j G Z+, K > 0, ^ > 0. 

J|x|<R ' ' \j\x\<2R ' ' ' ' I 



(3.16) 
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(3.17) 



Letting z oo in (|3.16|) , by (|3.7|) we get 

I - Uy^\{x, t)dx<C'l I lAlxp'? - Uo^y.\dx + R"-T^f j V; g Z+, R > 0, i > 

(3.: 

By (I3l5l) and dSlTI) , 

J|x|<R 

< I - Uo,j\ dx + C I \uo^y. - A\x\~'^\ dx + CR"~^'t^' V; eZ^,R>0,t>0. 

J\x\<R ' ' J\x\<2R ' ' 



(3.18) 

Letting first i — > and then ; ^ oo in (|3.18)l , by (|3.7|| we get 

lim 1 \xlj{x,t)-A\x\-'^\dx VR > 0. 

Hence has initial value Alxl"*?. By Theorem 12.111 is the unique self-similar radially 
symmetric solution of (|1.1[) in X (0, oo) with initial value Alxl"*?. Since the sequence 
^yi^T=i arbitrary, Uy converges uniformly to i/' as y — > oo on every compact subset of 
R" X (0, oo). In particular 

Uy{x, 1) = y'^uiyx, y~P) ^ \p{x,l) (3.19) 
uniformly on every compact subset of R" X (0, oo) as y oo. By (|3.19|) , 

v{x, t) = fu{th, t) ip{x, 1) 
uniformly on every compact subset of R" X (0, oo) as i ^ oo and the theorem follows. □ 
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